PHYSICAL REVIEW E 81, 031925 (2010)

Simple electrostatic model applicable to biomolecular recognition
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An exact, analytic solution for a simple electrostatic model applicable to biomolecular recognition is pre-
sented. In the model, a layer of high-dielectric constant material (representative of the solvent, water), whose
thickness may vary separates two regions of low-dielectric constant material (representative of proteins, DNA,
RNA, or similar materials), in each of which is embedded a point charge. For identical charges, the presence
of the screening layer always lowers the energy compared to the case of point charges in an infinite medium of
low-dielectric constant. Somewhat surprisingly, the presence of a sufficiently thick screening layer also lowers
the energy compared to the case of point charges in an infinite medium of high-dielectric constant. For charges
of opposite sign, the screening layer always lowers the energy compared to the case of point charges in an
infinite medium of either high or low dielectric constant. The behavior of the energy leads to a substantially
increased repulsive force between charges of the same sign. The attractive force between charges of opposite
signs is weaker than in an infinite medium of low dielectric constant material but stronger than in an infinite
medium of high dielectric constant material. The presence of this behavior, which we name asymmetric
screening, in the simple system presented here confirms the generality of the behavior that was established in

a more complicated system of an arbitrary number of charged dielectric spheres in an infinite solvent.

DOI: 10.1103/PhysRevE.81.031925

I. INTRODUCTION

The proper functioning of biomolecular systems depends
upon the aggregation of multiple molecules embedded in a
high-dielectric constant solvent (water). From the medical
point of view, there are both normal complexes (such as
ribosomes) and abnormal complexes (such as amyloid for-
mations). The molecular contacts necessary for complex for-
mation occur only when the surfaces of biomolecules ap-
proach each other closely. Given the importance of
molecular contacts in biology, it is desirable to have a de-
tailed understanding of the molecular forces in this situation.
Understanding the microscopic mechanisms involved in the
aggregation process would illuminate both normal and ab-
normal states, and could aid the modification of existing
complexes or the design of new ones. This work examines
the electrostatic interaction, among the most important inter-
actions in biomolecular systems [1-7].

In previous research that developed a scheme for comput-
ing to known precision the energy and forces in a system of
an arbitrary number of charged dielectric spheres embedded
in an infinite solvent [8], an effect that called asymmetric
screening was observed. Namely, the magnitude of attractive
electrostatic interactions was decreased (relative to point
charges in an infinite solvent) while the magnitude of repul-
sive electrostatic interactions was increased (again, relative
to point charges in an infinite solvent). It was anticipated that
this effect aids biomolecules such as proteins in the adoption
of correct conformations and in intermolecular recognition.
The effect is most pronounced at the short separations, i.e.,
when molecular surfaces approach each other. Therefore, a
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model involving planar surfaces is appropriate.

This paper further studies asymmetric screening in a sim-
plified system. Instead of spheres, consider two half spaces,
each with a single point charge embedded, separated by an
infinite slab of high-dielectric constant material (water, for
example). Amenable to complete and thorough analytic ex-
amination, this system models two molecular surfaces during
the process of binding or aggregation because during a close
approach of two biomolecules the curvature of their surfaces
becomes less important and the surfaces appear locally pla-
nar. The simplicity of the model is an advantage in this case
because one wishes to examine in more detail an effect that
is already known to occur in the more general and less sym-
metric system of spheres mentioned above. A simplified
model that can be solved completely analytically allows
study of the fundamental origin of such generic physical fea-
tures. If the dielectric constants are swapped, then one would
have a model of, for example, a membrane in water. Separa-
tion of variables is used to obtain the potential, and from that
the energy and the force between the two half spaces. It is
more convenient to use the surface charge method [8-10] to
obtain the density of surface charge induced on the two sur-
faces.

II. GENERAL SITUATION

Consider a slab of material of thickness 2d, infinite in the
other directions, with dielectric constant e, sandwiched be-
tween two half spaces filled with materials of dielectric con-
stant €, and &,, respectively. A charge g; lies within the
external material with dielectric constant &; a distance s,
from the internal material (dielectric constant g,); a charge g,
lies within the other external material (with dielectric con-
stant g,) a distance s, from the internal material and a dis-
tance s,+s,+2d from the charge ¢;. Place the origin of co-
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FIG. 1. (a) The most general situation under consideration. The
shaded region is infinite in the x and y directions, has thickness 2d
in the z direction, and is filled with a material with dielectric con-
stant g. The origin is chosen so that the distance from the origin to
each surface of the shaded region is d. The unshaded region entirely
in the z>0 half space is filled with a material with dielectric con-
stant €, and contains a charge g, on the positive z axis a distance
d+ s, from the origin and a fixed distance s; from the surface of the
shaded region. The unshaded region entirely in the z<<0 half space
is filled with a material with dielectric constant &, and contains a
charge ¢, on the negative z axis a distance d+s, from the origin and
a fixed distance s, from the surface of the shaded region. (b) A
simplified situation considered in detail. The charges are now of
equal magnitude and are constrained to be the same distance from
the origin. The cases of identical charges and of opposite charges
are both considered. Both unshaded regions have the same dielec-
tric constant, referred to as &.. The dielectric constant of the shaded
slab is now referred to as &;.

ordinates half way between the two charges. Place the z axis
through the line joining the two charges, perpendicular to the
surfaces of the internal slab of material, and with the positive
z axis passing through the charge ¢, as in Fig. 1(a). Because
of the symmetry of the system, cylindrical coordinates (p, ¢,
and z) will be used.

We wish to find the electric potential (®), the electrostatic
energy (U), and the force (F) required to pull the external
materials apart. We begin by determining the potential in the
general case. Azimuthal symmetry implies that the potential
@ is independent of ¢. The symbols ®,, @, and P, will be
used to indicate the potential in the interior material, in the
material entirely in the positive z region, and in the material
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entirely in the negative z region, respectively. The boundary
conditions are

(1) ®—0as z— o

(2) Dy(z=d)=P,(z=d)

(3) @y(z=-d)=Py(z=-d)

“4) Soﬁj_zo =d=€ 1(;(9_(1;1 =d
oD

oD
(5) 8.’25;_12|z:—d=80[)_z

z=—d*

The appropriate general solution of Laplace’s equation is

D=, ’ J,(kp)[a(k)e* + b(k)e ™[ c(m)sin mep
m=0 Y 0

+d(m)cos mpldk — f i Jo(kp)[a(k)eX + b(k)e ™ ]dk,
0

because of the azimuthal symmetry. In Gaussian units (used
throughout), the appropriate form of the potential of a point
charge placed at position z’ and p’=0 is [11]

q
ep' =02 Np +(z=2')

__ 49 ) —k|z—7'|
= e Jolkp)dk.
E(p, =O,Z’)f0 0( P)

The potential in the positive z region of exterior material
is a solution of Laplace’s equation plus the potential of the
screened point source,

CI)point charge(p’ Z) =

®, = f B (K)e Ty (kp)dk + Lt J e He=d=sil g (kp)dk,
0 €1Jo

(1)
where boundary condition (1) has deleted one of the expo-
nentials in the solution of Laplace’s equation. Similarly, the
potential in the negative z region of exterior material is

O, = J Ay (K)Tokp)dk+ L2 | e Herdrsal g (kp)dk.

0 €2Jo
(2)
The potential in the interior material is
b= f [Ao(k)eX + By(k)e™ T (kp)dk. (3)
0

Boundary conditions (2)—(5) determine the coefficients,

k(2d+sl)8081q2

B, (k) = "4

ok2d+s,

Ag(k) = 2eKd=17%)

—-(gg—eei(eg—gx) + €4kd81(80 +g1)(gg+ &)

i

&g+ £2)q; +€¥1(eg— £1)q>

ey —£))q + e

—(gg—e1)(eg—€x) + €4kd(80 +8))(g9+ &)

K2d+s)(g) + g))q,

Bo(k) = 2¢Md172)

—(gg—e)(eg—gx) + €4kd(80 +8))(g9+ &)

031925-2



SIMPLE ELECTROSTATIC MODEL APPLICABLE TO ...

4kt ) g e0q) — K (g + 1) (80— £2)q, + €180 — 1) (80 + £2)¢,

PHYSICAL REVIEW E 81, 031925 (2010)

Az(k) — ek(d—s,—sz)

Not surprisingly, interchanging the subscripts 1 and 2 in the
expression for B, turns it into A,.

The distribution of free charge (the two point charges) and
the potential determine the energy,

1
U=5f pAF)D(F)dF = %¢i(p=0,z=d+sl)
+—‘I’2(P 0,z=-d-57), (5)

where the primes on the potentials indicate that the potential
of the point charge in the corresponding region has been
subtracted out in order to avoid infinite self-energies. Substi-
tution of Egs. (1)—(3) into Eq. (5) yields

e—k(2d+s 1+52)

49,9280
dk
4kd

" (e + 1) (e + £2)

2 o Dksy(,~4kd

qlf R
+ —

281 0

2 o
A
2e,Jo

where o= (80—81)/(80+81) and )= (80—82)/(80+82).
Because we imagine this situation to be a simplified
model of two molecular surfaces separated by a layer of
water, the force should be obtained by imagining that the
charges are fixed with respect to the materials, in which they
are embedded, but the thickness of the interior slab is al-
lowed to vary. In other words, the force we are considering is

the negative of the derivative of the energy with respect to
2d,

o 1—ajae”

- ay)
wa dk

1 - ajme”

—2k.f2(e—4kdal _ az)

k. (6)

1 - ajme”

T ad)”

When expressed in scalar form for the magnitude,

19U
24dd’

a positive (negative) force corresponds to repulsion (attrac-
tion). Clearly, this simple model neglects any internal rear-
rangement of the molecules during the process of interaction,
an effect that is believed to be important in many cases.
However, while a model designed to capture the behavior of
specific molecules would need to include such an effect, our
purpose is only to investigate one particular interaction, the
very important electrostatic interaction, and so this point is
not a concern here. The force is

4
— (89— e1)ex(gp—€,) +€4kd82(80+81)(80+82) “)
I
® —4kd
_ %% ks Lt
(80"'81)(80"' &) (1 - ajae ~dkd)2
(1 )J 2al+4dk "
+ —a
2 (1-a e 4/«1)2
2 o —k(2.§'2+4d)k
q3 2 f e
+ ol -« ——dk. 7
g, il ) 0 (1—ajae —4kd)2 M

We now examine two particular cases.

III. TWO CHARGES IN IDENTICAL MEDIA

Let q=g,=q, e1=e,=¢,, gg=¢;, and s;=s5,=s. We are
now considering a slab of material (thickness 2d and infinite
in the other directions) with dielectric constant &; sand-
wiched between two half spaces filled with a material of
dielectric constant .. Internal material is indicated by the
subscript “i1,” and external material is indicated by subscript
“e” A charge q lies in the external material a distance s from
the internal material. An identical charge g lies in the other
semi-infinite external material a distance s from the internal
material and a distance 2s5+2d from the other charge. See
Fig. 1(b), with the positive charge chosen. The potential, the
energy, and the force follow upon making the appropriate
substitutions in Egs. (1)—(3), (6), and (7), respectively. (Al-
ternatively, it is a simple matter to setup and solve the bound-
ary value problem for this particular situation.)

Making the appropriate substitutions in Eq. (6), letting

a=(g;—8,)/(g;+¢,), and using the identity (4s;8./(g;+¢,)?)
=1-a?, one finds the energy,
2 o ~2kd 2 —4kd
e dee(e—€.)7) + ale™ =1
oL [ Mo et o)
g Jy 1-ae
2 (o 2kd
1-cae
= q—j e_Zk(”d)—_dedk. (8)
g Jy 1 -cae

One may evaluate the integral by expanding the denominator
in a series,

2 [ *
U= 6]_ E (a11e—2k(s+(n+l)d) —
eJ 0 n=0

n+l e—2k(s+nd))dk

_q_Zw ( o an+l>
“2e. o \s+(n+1)d s+nd

B q2(1 _az) - o B qz
2eca oo Ss+nd  2e.as
2 2
1-
=‘1(—0‘)2F1<S, Sy a> 1 )
2g a8 d d 2e.a8
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FIG. 2. (Color online) Graphs of the energy as a function of
separation, both for identical charges and for opposite charges. For
comparison, the energy of point charges, both identical and oppo-
site, in an infinite uniform medium (both &, and &;) is shown. The
calculations are for e.=1, &=80, s=1, and g=1. For opposite
charges separated by a high-dielectric layer, the energy varies little.
For like charges separated by a high-dielectric layer, the energy at
small separations changes rapidly.

where ,F| is a Gauss hypergeometric function.

Even though the series in Eq. (9) was obtained by sepa-
ration of variables, it can be interpreted as the effect of an
infinite sequence of image charges. The charges are located
at 2s+2nd for n=0,1,2,.... The magnitude of the image
charges can be read off from the coefficients of g/[e.(2s
+2nd)] with appropriate care taken to separate out the direct
interaction of the free charges. This interpretation brings to
mind recent work that used an approximate series of image
charges to study a pair of membranes in a solvent of water
and ions [12]. (Of course, the image charges are a computa-
tional convenience: the physical charge is induced at the sur-
face and is calculated in the Appendix.)

Because the dielectric constant of water (=80 [13]) is
much larger than the dielectric constant of protein (=4 [14]),
we are most interested in screening situations: 0=a=1. In
the limit a— 1, the interior slab becomes metallic. In this
case we find that U=—¢?/(g,2s), which is just the interaction
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FIG. 3. (Color online) Graphs of the energy as a function of g;,
both for identical charges and for opposite charges. For comparison,
the energy of point charges, both identical and opposite, in an infi-
nite uniform medium (both &, and &;) is shown. The calculations are
for 2s+2d=5, e.=1, s=1, and g=1.
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energy of each free charge with its image charge due to the
metal; the two free charges do not “feel” each other. If the
media all have the same dielectric constant, then a=0 and
U=q¢*/[e.2(s+d)], which is simply the energy of two
charges in an infinite dielectric medium. Similarly, if d=0 we
find the obvious result U=¢?/(&,2s). Finally, in the limit that
d—», U——(q*a)/(g,25)<0. In this case, the two fixed
charges do not see each other, but each point charge can still
induce a charge density on the nearby surface, and this pro-
cess will always reduce the energy. Therefore U is negative
in this limit. The behavior just summarized can be seen in
Figs. 2 and 3.

Making the appropriate substitutions in Eq. (7) and again
using the identity (4e;e./(g;+¢&.)?)=1—a? one finds the

force,
2(1 _ 2) —2k(d+s)
F= f - _2kd)2 dk. (10)

Rather than performing a similar procedure with series to
evaluate the integral, one may simply differentiate the series
for U:

©

g a(l —a™?) na"

&e = (25 +n2d)*

F=-

¢*(1-a?) S na

de.a 12 (s+nd)?
21_ 2

=q(—?)3F22 1—+1—+2 +2a
de.s d d d Td

(11)

As noted above, for the case of complete screening (i.e., a
=1) the free charges do not “feel” each other. As expected,
the force vanishes in this case. If the media all have the same
dielectric constant, then a=0 and F=q*/[e.(25+2d)?], the
force between two identical charges in an infinite dielectric
medium. On the other hand, letting d — 0 we find the curious
result F=(ge;)/ (24s%). When d— 0 one might expect F not
to depend on &;. However, F(d) samples U(d) in the vicinity
of d, and even when d— 0 a dependence is generated on &;,
which characterizes the material that would fill the gap if one
were to draw the two outer regions apart. Indeed, for d—0
and g;—1, the force becomes infinite, i.e., the energy
changes discontinuously as d— 0 if @=1. The behavior just
summarized can be seen in Figs. 4 and 5.

The difference between U and the energy of two point
charges in an infinite medium of dielectric constant &, is
defined to be AU. (This could not be calculated in the gen-
eral case because in that case there is no single exterior ma-
terial.) One finds

2 [® 2kd
AU~ q_f e_mmn(i ) 1>dk

. Jo 1 — ae™2kd
2 o —4kd
g« ks 1€
=——| e ——-dk. 12
g Jo 1 — ae M (12)

Notice that AU=0 in the case of screening (a>0), which
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FIG. 4. (Color online) Graphs of the force as a function of
separation, both for identical charges and for opposite charges. For
comparison, the force between point charges, both identical and
opposite, in an infinite uniform medium (both &, and &;) is shown.
The calculations are for e,=1, &;=80, s=1, and g=1. The inset is a
close-up of the three curves near the x axis for small separations.

makes sense because the energy should be lowered by re-
placing a portion of the low-dielectric constant material with
higher dielectric constant material. If =0, the energy U is
the same as the term we have just subtracted off, so AU=0.
Similarly, if d=0, then AU=0.

The force difference AF corresponding to AU can be ob-
tained either from the expression for AU or the expression

for F:
2
AF = _f —2k(d+r)|: (1-a’)
1— —2kd)2

In the case of d=0 we find that AF——Sq(— If =1, then
AF=—¢?/[e,(25+2d)*]<0 which, as expected, is just the
term we subtracted off to form AF. Clearly AF=0 if a=0.
The behavior of AF for small but nonzero a may be deduced

from the series expression for F:

1}&. (13)

T " T
— like charges with layer (solid curve)

0.08 - - -+ opposite charges with layer (dotted curve) W
L — - like charges in uniform high dielectric (upper dashed curve) ]
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— . opposite charges in uniform high dielectric (lower dashed curve)
- — opposite charges in uniform low dielectric (lower dash-dotted curve) | -
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FIG. 5. (Color online) Graphs of the force as a function of g;,
both for identical charges and for opposite charges. For comparison,
the force between point charges, both identical and opposite, in an
infinite uniform medium (both &, and &;) is shown. The calculations
are for 2s+2d=5, e.=1, s=1, and g=1.
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2~ 1-ad)a" 2
ap= Lymlzad g
dg.in als+nd) de (s +d)
q_2 - n(1-a?)a" q*
de, T alns +nd)*  4e,(s+d)?
_ qz (1-«a )2 2
Cde(s+d)? a on 4e (s+d)2
__ T«
Cde(s+d)?2

When AF>0, the repulsion between identical charges is
stronger than the case when both identical charges are in one
uniform medium with dielectric constant &.. Upon letting
e.— 1 (see Figs. 4 and 5), we see that one can have a repul-
sion larger than in vacuum, a counter-intuitive conclusion.
The origin of this behavior can be deduced by returning to
Eq. (6), the energy for the more general situation first de-
scribed. Setting ¢, =0, g,=¢, and s,=s but retaining distinct
dielectric constants in each region, we find

2 o 2ks(p=4kd @ - a
U:2q_82] lfa]aze dkd )dk
6]2 . n @ 42)
- 2_82% “‘“Z[zs +4(n+1)d  2s+4nd
and
_ _2 (n+1)a na,
€200 [2s+4(n+ Dd]* (25 +4nd)?

Each factor of a; («,) indicates an image reflection across
the surface of the material with dielectric constant g; (&,).
Notice that the induced charge of the leading term (propor-
tional to «,) is the same sign as the free charge because the
image charge is located on the low dielectric side of the
interface. If the image charge were located on the high di-
electric side of the interface (g9<g; and g;,<g,) then the
induced charge would have the opposite sign leading to an
attractive force similar to the more familiar case of a charge
near a conductor.

Now consider the energy and force differences (AU and

AF) when the comparison is made to the interaction with the
g; material everywhere. The energy difference in this case,

AU, is

2w . 2kd
AU= q—f e-2k<f+d>(%1 - 3>dk
€eJo &

1—ae
_ CI_ZJOO e_zk(s+d) (8i - se) + a(see_zkd - 8i€2kd) dk
- —2kd :
gig.Jg 1 - ae
(14)

In order to understand the behavior of AU, we observe that
AU(d=0)=(¢*(g;—-8,))/ (g;6,25) =0 with equality when &;
=g, (i.e., a=0). However, as d—%, AU——(¢*a)/(2¢,s)
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~

=0. Evidently, for any positive @, AU is positive for small d
and becomes negative for sufficiently large d. This behavior
can be inferred from Fig. 2 Given that (g;/e.)(1-a)=(1

+a), AF is

AF= —f —2k(s+d)|: (& /Se)(l_de)z) ~ l}dk

2 (oo 2
q ke 1+ @)
- k ———— —1|dk
Sifo ¢ (1 — cre2k)?2

= —f ke X+ [(1+ @)? = 1]dk = 0, (15)
170

<
[\

84
which guarantees that fA\1520, as would be expected based
upon Figs. 4 and 5.

For the case of equal and opposite charges in Fig. 1(b),
results for U, F, AU, AF, AU, and AF may be obtained
using the same methods that yielded Egs. (8)—(15). As can be
seen in Fig. 2, the energy in this case,

2 [ 2kd
U=- q_f e—2k(x+d)1+Ldk

g Jo 1+ ae™?kd
Fl-d) o' ¢ (16)
2e,a i s+nd 2e.as’

which is the same as the series for like charges with an
overall minus sign and the substitution @ — —¢, varies little
as d goes from 0 to . As a consequence, the magnitude of

the force,
2(1 _ (12) —2k(d+v)
F=- (1 ta —2kd)2dk

71 - n(-a)
oo (s + nd)2 ’

(17)

de.a

is suppressed compared to the case of like charges. The be-
havior of the force in the case of opposite charges is more
consistent with naive intuition: the force with a high dielec-
tric layer is somewhere in between the force with low dielec-
tric everywhere and the force with high dielectric every-
where. The energy differences (with definitions parallel to
those for like charges) AU

2¢%a [ sinh 2kd
AU=- ﬂj o2k LEEE 0 (18)
0

& 1+ ae 2k
and fA\lJ],
2 ® —2kd 2kd
~ e.— &) + ale.e —ge
AU = :_SJ e—2k(s+d)|: ( e ) 1 +( aee_de ) dk
e“iJ 0
=0, (19)

are always negative in this case, as can been seen in Figs. 2
and 3. The corresponding force differences AF,
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2 (o 21
AF:&J ke—zk<s+d>[“—+1 dk=0, (20)

e.Jo (1 + ae k)2
andANI:”,
~ 2 (= 1+ )?
AF:-q—f ke-2k<f+d>{(—‘_"2)k“—1 dk =0,
& Jo (14 ae™)
21)

are positive and negative, respectively. The behavior of op-
posite charges is evidently simpler and more consistent with
intuition.

IV. COMMENTS

The energy and force for the case of two point charges in
a dielectric medium with a layer of differing dielectric be-
tween them has been compared with two baselines: point
charges in a uniform medium having the dielectric constant
of the separating layer and point charges in a uniform me-
dium having the dielectric constant of the exterior medium.
In the latter case, we find that for opposite charges, AF>0
always, implying a weakened attraction when compared to
the baseline. For identical charges, however, there are cases
for which the repulsion is actually enhanced compared to this
baseline. Since it is possible to let €, — 1, this situation cor-
responds to an effective repulsion that is stronger than the
vacuum case, a counter-intuitive result. We refer to this be-
havior as “asymmetric screening.”

When both repulsion and attraction are weakened com-
pared to the e, baseline, which one is reduced more? This
question is easily answered by considering

OF = AFy— (= AF,p) = AFy + AF .
When 6F >0, there is a larger reduction of the attraction than
of the repulsion, and vice versa. Using Eq. (13) for AF,,, and
Eq. (20) for AF,,, we find

o 2
_qa —2k(s+d)|: 1 -a

SF = AF, + AF, f ke -
att ep — el (1 — e 2kd)2

1-a?
—m dk= 0.

~

For the case of the g; baseline, we see that AF is always
negative for opposite charges. This indicates an enhanced
attraction compared to the baseline (when both charges are in
a uniform mediur,n\_gf dielectric constant &;). For identical

charges we have AF >0, implying that the repulsion is al-
ways enhanced when compared to this baseline. One can
consider

OF = AF - (- AFrep) =AF+ AFrep'

When 6F >0, the repulsion of identical charges is enhanced
more than the attraction of opposite charges is. Using Eq.

(15) for E’mp and Eq. (21) for AF,,, we find
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2 (o 2
OF = AFyy+ AF oy = o fo fee™ k(s {—(1 e
(1+ a)?
- (1 + ae™2kd)? dk = 0.

According to Fig. 4, asymmetric screening is quite pro-
nounced at short ranges, and we expect the phenomenon to
play an important role in biomolecular recognition and in the
adoption of the native conformation of proteins. Particularly
pronounced is the enhanced repulsion between charges of the
same sign. This behavior should exert a rather strong veto on
poor matching of charges as one part of a molecule interacts
with another part or as two molecules interact with each
other. Therefore, accurate calculation of electrostatic interac-
tions is essential when considering biomolecular systems.
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APPENDIX: SURFACE CHARGE METHOD

The surface charge method [8—10] provides a relatively
easy path to the induced surface charge. In the case of two
identical charges, symmetry implies that the induced surface
charge densities on the two surfaces are identical functions in
the plane. Therefore we may write

TR e R e e

glF—(d+5)z]  elf+d+s5)z ). |F-7]

+f f(—pjds’. (A1)
7'=—d |r_r|

The induced surface charge density o(p) is unknown, but can
be expanded in a complete set of functions. Because of the
cylindrical symmetry, Bessel functions are the obvious
choice in this case. Any reasonably well-behaved function
f(p) gives rise to the pair of transforms [15],

flp)= f a(B)J (Bp)dp,
0

a(B)=p f f(p)J.(Bp)pdp,
0

allowing us to write the surface charge as

o(p) = f S(B)J(Bp)dp.
0

Furthermore, the denominator of the integrals in Eq. (Al)
can also be expanded in Bessel functions [11],

1 S ,
- > f dke™ ], (kp)J,(kp" e,
0

|r—r

m=—o0
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In the vicinity of the surfaces, the potentials of the point
charges are

q q Jw —k(d+s—2)
— 4D gy (ke
gF—(d+9)Z e.Jg olp

and

+ - lf koO(kp)e_k(“dﬂ).
gJF+(d+9)Z e.Jg

The potential near the boundary at z=d due to the induced
surface charge at z=d is

[ 2
7'=+d |V— r |

=J(p'd¢’dp’)[f S(B)JV(BP’)dB]
0

m=—c <0

X [ > f dkefm(d*"")Jm(kp)Jm(kp')e-k'Z-Z’]

= f ) dBS(p) f " dke-te| > Ju(kp)
0

0

x{ J d¢'e"'"<‘f*¢’>} X { f dp’p’Jy(Bp’)Jm(kp’)]

=27 f dBS(B) f dke ™71 (kp)
0 0

XU dp’p’lv(ﬁp')Jo(kp’)}.
Letting =0 turns the p’ integral into a standard one [16],
) ' 5(B _ B,)
f J(Bp)J (B’ p)pdp = 5 (v>-1/2),
0

and therefore

f o) s om f ke T (kp) SR .
Z

'=+d |f)_ r_‘)l| 0

So for z'=+d and z>d (just above the top interface)

f (T(P ) ds’ = wa dke—k(z—d>JO(kp)S(k)/k
z

’=+d|f)_’7,| 0

For 7' =+d and z<d (just below the top interface)

f ap) iy f dke M99 (kp) S(k) k.
z

’=+d|7_'_ﬂ| 0

For 7' =-d and z near d one finds a similar formula that is
valid either above or below interface,

f (f(—pde’ =27 f dke™ D 1 (kp)S(k) k.
7'=—d |r_ r | 0

The boundary condition at z=d is
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aq)zsd
8\
9z

0D ~,
=&
z=d 9z

9
z=d

for every value of p, which leads to an equation easily solved
for S(k),

qkae—ks(e—de _ 1)

27e.(1 — ae™kd)

S(k) =
Therefore

alp) = f Jo(kp)S(k)dk
0

~ @ fwj (k )ke—ks(e—de_ 1)dk
" 2me, 0 otP (1 — ae™2kd)
w ~2kd
qa s (a=1)e }
=- Jolkp)k 1+ —— |dk
27e, fo olkp)ke { (1 — ae™2kd)
. L [ f Jo(kp)ke ™ 5 dk
2me| Jo
+ f Jolkp)ke 2D (q = 1) D) a”e_Zk”ddk]
0 n=0
_— f Jo(kp)ke ™ dk
2me. | Jo

+ E o'(a— l)f Jo(kp)ke_k[ﬁz(””)d]dk
n=0 0

Since all variables are real, we make use of the following
integral [17]

J* _2a)2B)'T(r+(312))

e T (Bx)x" dx =
o v \’/7_7( A+ BZ)V+(3/2)

for v>-1 and a>0. Recall that I'(n+(1/2))= \r’;r(Zn
—-1)!1127™ so that I'(3/2)= \V7/2. Therefore, the surface
charge density is

olp)=- = [ S2)3/2

27e.| (s> +p

+ D adMa-1)
n=0

s+2(n+1)d
{Is+2(n+1)d*+ p2}3/2 >

from which it is easy to verify that [o(p)2mpdp=0.

This charge density can be used to recover same energy
and force as before. To compute the energy (and then the
force), ®(p=0,z=s+d) must be computed from o(p). For

7'=d, p=0, and z=s5+d, F—F’|2=s2+p’2. Therefore,
a(p’) p'alp’)
———dS' =27 | ———>—5dp’
|7 7| (s> +p D)2 P

1y (k r) ,
=27Tf {S(k)f (Sp2+0—p,§)1/2dp }dk.

The p’ integral is found in tables [18] to be
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“ xJo(xy) e
212 X = y

o (@ +x

and so

o(p’ a(” e 2k _ 1
o) g 292 f .
|7 = 7] g Jo 1-ae

For z'=-d, p=0, and z=s+d, |F-7'|*=(s+2d)*+p'?. The
contribution to the potential from the induced surface charge
at 7'=-d is

’ o0 —2kd
Mds/ — q_af e—Zk(Hd)udk

|7 = 7| _se 0 1 — e 2k

The potential at p=0 and z=s5+d is

e}

a,e—st(e—de _ 1)

@(p=0,2=s+d)=1 St

EeJo
qre—k2s+2d) ( o 2kd _ 1)
+ dk

e—k(2x+2d)+
1 - ae”

1- ae—de

o 2d
f o~ 2k(s+D) 1- ae_de dk.

-4
g.Jo 1 —ae

and therefore

2 [ 2kd

1-ae

o
eJ 0

in agreement with Sec. III. Because U agrees, everything that
follows from U must also agree.
For opposite charges

q q a.(p) .,
=— el — + A
gJF—(d+9)i eF+(d+s)Z rd |F— 7|
+f (ZLI:)LZS’.
z'=—d|r_r|

However, by symmetry o,=—0_=¢. The boundary condi-
tion yields

gkae™(e72k 1 1)
~2kdy -

S(k) =
(k) 2me (1 + ae

The surface charge density becomes

qo S

g =
(p) 2me,| (2+pD)"?

s+2(n+1)d
{Is+2(n+ DdP+p?p? |

+2 (- @)"(1-a)
n=0

Again, it is easy to verify that [a(p)27pdp=0 and that the
energy U reproduces the result in Sec. III.
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